The accelerating and focusing wake fields that can be excited by a short laser pulse in a hollow underdense plasma are examined. The evacuated channel in the plasma serves as an optical fiber to guide the laser pulse over many Rayleigh lengths. Wake fields excited by plasma current at the edge of the channel extend to the center where they may be used for ultrahigh gradient acceleration of particles over long distances. The wake field and equilibrium laser profiles are found analytically and compared to two-dimensional (2-D) particle-in-cell (PIG) simulations. Laser propagation is simulated over more than ten Rayleigh lengths. The accelerating gradients on the axis of a channel of radius C/C+, are of order of one-half of the gradients in a uniform plasma, For present high-power lasers, multi-GeVlm gradients are predicted. 0 1995 American Institute of Physics.
INTRODUCTION
Recent advances in short pulse laser technology"* offer the possibility of ultrahigh gradient acceleration of particles in laser-driven plasma wakes.3t4 Subpicosecond 10 TW pulses can generate acceleration gradients of order 10 GeV/m in a plasma of density -lot7 cme3; however, the acceleration distance is severely limited because the Rayleigh lengths of such pulses are typically only a few millimeters. Thus it has been widely recognized that some form of optical guiding is needed. Several approaches to this problem have been previously discussed. In this article we analyze a new scheme based on propagating a short laser pulse in a hollow channel embedded in an otherwise homogeneous underdense plasma.5 This scheme provides optical guiding of the laser pulse and optimal wake-field profiles for accelerating particles.
Several approaches to optical guiding have been previously discussed. In relativistic self-focusing the relativistic quiver motion of plasma electrons in the laser field6 causes a reduction of the index refraction on axis. Above a threshold power this mechanism provides optical guiding of the main body of the pulse. However, one-dimensional (1-D) theory7 and two-dimensional (Z-D) simulation?lo predict that the leading edge of the pulse will not be well guided. This suggests that roughly the front c/w,, of the pulse etches or diffracts away each Rayleigh length. To overcome this problem one can use a laser pulse that is very wide in the front and narrow in the back. ' This makes the Rayleigh length at the front sufficiently long.
A second approach to optical guiding is to confine the laser in a preformed channel in the plasma. A version of this was proposed several years ago by Tajima" known as the plasma fiber accelerator. In this scheme a long laser pulse propagates down a rippled vacuum channel in an overdense plasma. Since the laser is evanescent in overdense plasma, this was supposed to act as a slow wave conducting structure. However, resonance absorption at the overdense channel edge can quickly degrade the laser (similar effects have been seen in simulations OF related laser acceleration schemes involving overdense plasma'*). More recently, optical guiding in a tailored density channel has been investigated theoretically and numerically by The density on axis is taken to be the usual density for wake excitation (i.e., no is chosen such that nclw, matches the laser pulse length), and the density rises parabolically with radius to confine the laser. They found that the accelerating wake is still coherent in the channel. A recent experiment by Durfee and Milchberg has already demonstrated guiding of low-intensity laser light in a plasma channel. l3
Here we propose a scheme for wake-field acceleration in a hollow underdense plasma,5 For simplicity, a "square" transverse plasma density profile with a step function plasma/vacuum interface will be assumed. In Sec. VI we discuss the effect of a boundary with nonzero thickness, and in the Appendix we analyze the general case for an arbitrary plasma profile. Since the index of refraction (6 = dv) in underdense plasma is less than the index in the evacuated central region (&= 1), the laser can be confined as if it were in an optical fiber. The short laser pulse drives a plasma wake in the plasma at the edge of the hollow channel. The electromagnetic fringe fields of the wake extend to the center of the channel, enabling focusing and acceIeration of particles down the axis. This scheme differs from the plasma fiber accelerator in two important respects. First, since the plasma is underdense, resonance absorption of the driving pulse at the channel walls is avoided. Second, the accelerating fields arise from a plasma wake rather than from a transverse magnetic (TM) component of the laser mode. The scheme differs from the parabolic channel of Sprangle et ~1.~ in that the channel here is completely evacuated, so that the wake fields arise from surface currents at the channel edge rather than density bunching at the channel axis.
The main objective of this work is to show that a large amplitude wake can be generated over long distances by an optically guided laser pulse in a hollow channel. Although this same goal can be achieved in a parabolic channel, there are several reasons for considering the hollow channel case. First, it will be seen that the mode structure of the wake field in a hollow channel is ideal for accelerating high quality beams. The axial field component is independent of transverse position, so particles at different radii gain energy at the same rate minimizing their energy spread. The focusing wake is weak and linear, helping to preserve the emittance of the beam. For a given plasma density, the wavelength is longer, increasing the bunch acceptance for injected beams. There may be other advantages to hollow channels. In separate work we have found that laser pulses in hollow channels may be less subject to instabilities such as laser hosing and Raman scattering. The absence of plasma in the beam path eliminates any scattering of beam particles by plasma nuclei, although this is generally very minor. Finally, a hollow plasma channel may be easier to realize experimentally than a channel with a precisely tailored density profile.
In Sec. II we analyze the plasma mode excited in a hollow plasma. In Sec. III we analyze the laser mode. The wake amplitudes are estimated in Sec. IV and compared to 2-D particle-in-cell (PIC) simulations in Sec. V.
II. PLASMA SURFACE MODE-FRINGE FIELD ACCELERATOR
We now consider the normal wake-field modes that can be excited in a plasma with a hollow channel. Assume that the laser pulse propagates down the z-direction. The channel supports a surface plasma wave. The mode structure follows from Maxwell's equations,
where no is the unperturbed plasma density, v is the perturbed electron velocity. The equation of motion for a cold stationary plasma is
where E is the electric field of a plasma wave, f is the averaged ponderomotive potential divided by e; f= ($rz V&)/e, Vw=eE,lmcoo, and E, is the amplitude of the laser profile to be found in Sec. III. Equation (3) is valid for V,,&c41. Combining Eqs. (la) and (lb) and using Eqs. (2) and (3) gives the wave equation,
where o:=4rnoe2/m. The normal wake-field modes now can be found from Eq. (4) by setting f=O.
We analyze Eq. (4) in both slab and cylindrical geometry. First in slab geometry, Fourier analyzing (4) gives the dispersion relations in the plasma and the channel,
in plasma.
W-9
In plasma, the first term is the longitudinal mode (VXE=O) while the second term is the transverse mode (V.E=O). We look for surface modes which are transverse, so k: becomes -gL both in the channel and in the plasma,
Key= Jn in plasma.
(6b)
The mode in the channel is transverse, so the mode in the plasma must also be transverse. Otherwise V X E would not be continuous as required by the fact that there are no linear surface currents. Since the laser is symmetric with respect to the z-axis, the ponderomotive force is symmetric and we assume symmetric solutions for the wake fields. The wakefield solutions for E inside the channel (Iy 1 <a, where 2a is the channel width) are E,(y,z,t) =A cosh( Klcy)ei(kzz-wt), E,(y,z,t) = B sinh( KI,y)ei(kzz-ot), and in the plasma (1~1 >a) (74
E,(y,z,t)=De -~lp(l~I-a)ei(k,z-ot) @b) where A, B, C, D are as yet undetermined constants. Using V.E=O in the plasma and in the channel, the continuity of E tangential =E, and the continuity of Dnormal= EE, , where E= 1 -oi/ti2 in the plasma and E= 1 in the channel, we obtain the dispersion relation, tit Kd) -KlC Klp=dj (9) We are interested in the mode with phase velocity u~=( w/k,) WC (since up will be determined by the group velocity of the laser pulse =c as discussed in the next section). Then from Eq. (6) where k,,= wPIc. Note that in the electrostatic approximation (c-w or v,ec), Eqs. (6) give K~~~K,+~~~, and the dispersion relation (9) becomes -tanh( k,a) = I-o%/w2. 011
For an infinite half-space, a+~, o approaches the wellknown result'4 tip/& For the high phase velocity modes (u~=c), the field structure is given explicitly [from Eqs. (7) and (8) in the channel, and -(z~~~l, (124 in the plasma. Thus the accelerating field E, is nearly uniform across the channel, while the focusing force
is nearly linear in y, where u, is the longitudinal partrcle velocity. Such a field structure is nearly optimal for accelerating particles with minimum energy spread and emittance growth. However, the magnitude of the focusing force approaches zero for relativistic particles and wakes so that some external focusmg may be required.
In cylindrical geometry, we assume a solution of the form E=Eeii(Yt-k') with E=E,E+E,? and no azimuthal dependence for each field component. Then, Eq. (4) can be decomposed into r and z components. By assuming o/k-c the solutions in each region can be found.
In the channel,
where A is an arbitrary constant. In the plasma,
where the K's are modified Bessel functions of the second kind. The dispersion relation follows once again from Eqs. (13) and (14) and the continuity of E, and EE, across the channel boundary,
Note that the accelerating field is independent of r while the focusing field E,-B e vanishes for u 'p-) c.
III. LASER MODE
In this section we obtain the equilibrium transverse profile of the laser in a fixed hollow channel. We assume the laser pulse is long enough that it can be considered monochromatic (L+oo/c) and weak enough not to distort the channel (V,,,/c~ 1). The pulse is assumed to be nonevolving (i.e., instabilities and pump depletion are neglected).
The mode structure of the laser in the hollow plasma is well approximated by the mode structure in an optical fiber with refractive index n , = 1 inside and pz2 = Gg@i outside. Because the laser field is maximum at the channel center, we look for the fundamental TE mode solution of Maxwell's equations. In slab geometry, this is's
where k;=kfj-k=, p2=k2-k&i and ko=WOIc, w. is the frequency of the laser pulse. Applying the continuity of H, gives the characteristic equations p = k, tan( k,a ) , (174 p2+k;=k;. (17b) In cylindrical geometry, the appropriate solutions of Maxwell's equations are the so-called HE,, model6 in an optical fiber which in this case, because n t -n,+l, can be approximated by the linearly polarized mode LP,, . choosing the laser pulse to be polarized in the x direction, the field is
where h2= ki--k2, q2= k2 -kin;, and Jo is the Bessel function of the first kind and K. is the modified Bessel function of the second kind. The characteristic equation becomes h2+q2=k;.
Equations (17) and (19) can be solved numerically for k, and h as functions of the channel radius, The results are plotted in Fig. 1 . These results allow us to determine the equilibrium laser profile [Eqs. (16) or (18)] for diffraction-free propagation of the laser down the channel (Fig. 2) . We comment that the group velocity of the light pulse in the channel can be obtained from the dispersion relation [Eqs. (17) or (19)]. We find that v,Ic = k/k, for either geometry. For example, for k,a = 1 in cylindrical geometry, u&c = 1 -0~/2.080~ is very close to the homogeneous plasma result 1 -0$/20~.
IV. AMPLITUDE OF THE ACCELERATING

GRADIENT
To find the amplitude of the acceierating gradient, we must keep the driving term Vf in Eq. (4). We assume that E is a function of only .$=z--ct and y; this implies that E is nonevolving and that pump depletion and laser instabilities are neglected. Fourier transforming in 15 we obtain first in slab geometry the y and z components of Eq. (4), 
Integrating (22) where we made use of the fact that k-o/c and g= 1-e$/w2 as defined in Sec. II. In the absence of the laser driver (F =0), Eq. (23) is the usual boundary condition D,=EE,. When the driving pulse is present, Eqs. (23) and (24) become the boundary conditions that the wake fields must satisfy. The wake-field solutions can now be found from the solutions to Eq. (22) in each region and the continuity conditions (23) and (24) across the channel edge.
In the plasma, kp is constant. Thus Eq. (22) where again C can at most be a function of k. The values of A and C can be determined by applying the continuity conditions (23) and (24) at y =a using the solutions (26) and (27). This yields (28) in the channel, where kch = ( kp / dm Notice that the first term is the surface mode response at frequency a& ; while the second term is the body mode in the plasma responding at the usual plasma frequency tip, We see that the body mode is generally small; it is zero the surface (y = a), peaks at radius of ;;/(2p-k )]ln(2plk > +a and decays away ",t large y.
In cylgdrical gelmetry, we assume there is no azimuthal dependence, Le., d/+=0. Then following the same reasoning as in slab geometry, we determine the boundary conditions to be For k,a = 1, f(a) = 0.6f( 0) so that E, in a hollow plasma is reduced by a factor 0.6 compared to E, in a homogeneous plasma. In making this comparison we have assumed that the laser pulse is identical in each case but that the plasma densities are chosen so that k,= n/r for the homogeneous case and k,=dr for the channel case, where 7 is the laser pulse length.
V. SlMULATIONS
To test the model just presented, we perform 2-D fully electromagnetic PIC simulations of the hollow channel laser wake-field accelerator using the code ISIS (Ref. 17) modified to move with the beam. The simulations are in slab geometry (coordinates y ,z, u, , u, ,u,) ; the parameters used in the simulations are given in the caption to Fig. 3 . Sample results are shown in Figs. 3-6 . Figure 3 shows the real space of the electrons in the hollow plasma. The rippling of the channel due to radial plasma motion is barely visible. Figure 4 shows the laser field on axis at t=O (left) and after propagating about 13 Rayleigh lengths. These clearly show that the laser is well guided. The plasma wake is shown in Fig. 5 . The wavelength in Fig. 5(a) is clearly not 27~1~~ as in a homogeneous plasma mode; it is 2rc/0.7wp in excellent agreement with our prediction from Eq. (10) that A = Zrrc~~lw, = 2rrcl0.707~~. In Figs. 5(b) and5(cj we show the transverse field structure of E, and E, . Figure  5 (b) shows that the accelerating field is a shallow cash in the channel and decays exponentially outside as predicted by Eqs. (7) and (8) that the predictions from Eq. (29a) are in good agreement with the simulation results (+). The last figure shows the wake amplitude as a function of driving laser amplitude. Included are the results of simulations with large laser amplitudes (V&c not small compared to 1) where our linear theory is expected to break down.
Vi. DISCUSSION
As an illustration of the results just obtained, we consider an example for a state-of-the-art short pulse laser wakefield accelerator. A comparison of the homogeneous plasma and hollow channel accelerating gradients and maximum energy gain for the same laser parameters is shown in Table I . Both examples predict gradients in excess of a GeV/m. However, in a homogeneous plasma a short laser pulse diffracts as if it were in vacuum. This limits the energy gain in a homogeneous plasma to less than 100 MeV (37 MeV per Rayleigh length). The hollow channel design is limited primarily by dephasing of the particles from the wake. For k,a = 1 the laser group velocity and wake phase velocity are approximately c( 1 -wi/wi) I" so that dephasing occurs on a scale of WC&O;, approximately 1.2 m. Thus energy gains exceeding 1 GeV are predicted for this example. Although we have analyzed a laser wake-field example, the results [e.g., Eq. (35)] apply as well to laser beat wave excitation in which two lasers beat at the normal mode frequency in the channel.
Naturally, the promise of the scheme analyzed here depends on the ability to form a hollow channel in a plasma. Several suggestions for doing this are currently being ex- plored. These include ionization of a gas jet with a fine wire to block the central flow of gas" or channel formation by a precursor pulse of laser" or beam energy." Some recent laser experiments have shown evidence of self-channel formation and guiding.5V21 In experiments the channel edge may not be perfectIy sharp. In this case there is a resonant layer at which the local plasma frequency matches the wake frequency ti&. An extended analysis which allows this possibility is included in the Appendix. We also note that preliminary simulations with finite gradient channel edges show relatively little difference in laser profile and initial wake amplitude. In these simulations, we compared a step function profile with k,a= 1 to a case with a linear ramp from k,y =0.5 to 1.5 (i.e., Ldsdge=u ). The only notable difference was that the wake fields behind the first peak in the ramped case were damped, probably due to resonant absorption in the boundary layer. Our analysis suggests that hollow channels can be used to generate large amplitude wakes over many Rayleigh lengths using guided laser pulses. Compared to a homogeneous or parabolic channel plasma, the wake is smaller by a factor of about 2, but it has other attractive properties for accelerators. Namely, the accelerating field is uniform across the channel; the focusing force is nearly zero and linear; the wavelength is longer and the laser guiding and peak wake amplitude are relative insensitive to the shape of the channel wall.
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APPENDIX: WAKE FIELDS IN INHOMOGENEOUS PLASMA
The hollow channel analyzed in the main body of this paper is a particular case of inhomogeneous plasma which was chosen because of its conceptual simplicity and its amenability to analytical methods. In general, the transverse plasma density profile is not likely to be a step function, and an appropriate model for the excitation of a wake must be developed.
In this section we develop for the first time a general formalism for calculating the wake fields generated by an intense laser pulse propagating through an inhomogeneous plasma. The theory models inhomogeneities in the plane perpendicular to the direction of propagation of the driver. A general formalism is developed and then simplified with an assumption of a stratified density profile. This calculation is applicable to various schemes of wake-field generation such as laser wake-field accelerator and plasma beat-wave accelerator. Formally, the treatment is similar to the that of the resonant absorption of p-polarized light on an inhomogeneous plasma slab.
This appendix derives an equation for a scalar quantity, P, rather than for the axial electric field E, as is done in the body of the paper. The convenience of using P, which will be shown to be proportional to the magnetic field, is that P is always finite and continuous, unlike E, which becomes singular in resonance absorption regions.
The equation of motion for a fluid element of a cold, initially stationary plasma, under the influence of the ponderomotive force and the electric field generated by any induced plasma displacement is given in Eq. (3) Equation (A9) can be simplified to a scalar differential equation in instances where the plasma has planar or azimuthal symmetry. In these limits, the outer curl in Eq. (A9) can be removed and Eq. (A9) is substantially simplified. Case 1. For slab geometry, n =n(y), f=f(y,z), and the TM space-charge mode is excited, with P=e,P(y,z).
Case 2. For cylindrical geometry, n=n(r), f=f(r,z), and a TM wave is generated with P=e+,P(r,z).
The physical reason for this simplification is that, from the symmetry of the cylindrical and slab geometries, the magnetic field becomes unidirectional. We will now concentrate on case 1. The extension to azimuthaily symmetrical cylindrical geometry is straightforward.
By In a homogeneous plasma [(alay)wi(y) =0] it is evident that P=O is the only solution satisfying Eqs. (All)-(A12). This implies that the wake field in a homogeneous plasma is electrostatic. For discontinuous density profiles (e.g., a hollow channel) one must match the solutions at discontinuities. The conventional rule for matching the solutions at discontinuities is to find an invariant that remains continuous across the density jump. Careful examination of Eq. (All) gives the continuity conditions P( y ) -+ continuous, (A13) [g-irf)
/[I-$$$-)-+continuous,
where one can show that Eq. (A14) is equivalent to demanding the continuity of E, and Eq. (A13) is equivalent to balancing the jump in E, with the surface charge. A hollow channel can be analyzed by solving Eq. (Al 1) both inside the channel and inside the plasma and applying the continuity conditions Eqs. (Al3)-(A14).
We are now in a position to give physical meaning to the vector P. Combining Faraday's law with Eq. (A7) and Eq. (AlO) results in B=-i ZP.
(A*3
In channels with smoothly varying plasma density, as opposed to a step function (hollow channel) profiles, resonant enhancement can occur. For exampIe, the surface mode wake field described in the main text oscillates at frequency @ch = wr,/~~.
Thus the surface mode can damp out quickly as it supplies energy to a resonant body mode at a location such that w,(y) 'w,h. There exist various mechanisms for limiting the amplitude of the electric fieId in the resonant region (and accounting for the energy absorption), such as the crossing of the electron trajectories with consequent breakdown of the fluid theory and ejection of energetic electrons, electron collisions, and relativistic corrections to the index of refraction. All these are currently under investigation, both numerically and analytically, and will be the subject of forthcoming publications.
